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Abstract 

In this paper we consider some classical varieties of linear algebras 
over the field k such that char (k) — 0. If we denote by O one of these 
varieties, then 0° is a category of the finite generated free algebras of 
the variety O. In this paper we calculate for the considered varieties the 
quotient group where 21 is a group of the all automorphisms of 

the category 0° and 2) is a subgroup of the all inner automorphisms of 
this category. The quotient group 21/2) measures difference between the 
geometric equivalence and automorphic equivalence of algebras from the 
variety Q. The results of this paper and of the [9] are summarized in the 
table in the Section [6] 

1 Introduction. 

This is a paper from universal algebraic geometry. All definitions of the basic 
notions of the universal algebraic geometry can be found, for example, in [2], 
[g and g]. 

This research is a continuation of the [9] . 

If we will compare the geometric equivalence and the automorphic equiv- 
alence of the one-sorted universal algebras from the some variety Q, we must 
take a countable set of symbols Xq = {xi, X2, . . . , a;„, . . .} and consider all free 
algebras F (X) of the variety Q, generated by finitely subsets X C Xq- These 
algebras: {F (X) \ X C Xq, \X\ < oo} - will be objects of the category 9°. Mor- 
phisms of the category 8° will be homomorphisms of these algebras. 
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If our variety & possesses the IBN property: for free algebras F (X) , F (Y) £ 
6 we have F (X) = F (Y) if and only if \X\ — \Y\ - then we have [5l Theorem 
2] the decomposition 

21 = 2)©. (1.1) 

of the group 21 of all automorphisms of the category 9°. Hear 2) is a group 
of all inner automorphisms of the category 9° and © is a group of all strongly 
stable automorphisms of the category 9". The definitions of the notions of inner 
automorphisms and strongly stable automorphisms can be found, for example, 
in [5] and [S]. But we will give these definitions hear. 

Definition 1.1 An automorphism T of a category K is inner, if it is isomor- 
phic as a functor to the identity automorphism of the category K. 

It means that for every A g OhM. there exists an isomorphism s J : yl — ;> T (A) 
such that for every ip G Mor^^ i^^B) the diagram 

A 3 

B s| T{B) 



commutes. 

Definition 1.2. An automorphism $ 
stable if it satisfies the conditions: 



of the category 9*^ is called strongly 



StStl) $ preserves all objects of , 

StSt2) there exists a system of bijections |s* : F ~> F \ F £ 0b9°} such that $ 
acts on the morphisms -0 : Z) — > _F o/ 9*^ by this way: 

a>(^) = 40(4)-\ (1.2) 

StSt3) Sp \x= idx, for every free algebra F — F {X). 
The subgroup 2) is a normal in 21. 

By [4] only strongly stable automorphism $ can provide us automorphic 
equivalence of algebras which not coincides with geometric equivalence of alge- 
bras. Therefore, in some sense, difference from the automorphic equivalence to 
the geometric equivalence is measured by the quotient group 2l/2) = ©/6n2)- 

2 Verbal operations and strongly stable auto- 
morphisms. 

In this paper, as in the [9] we use the method of verbal operations for the finding 
of the strongly stable automorphisms of the category 9°. The explanation of 
this method there is in and [?]• 
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We denote the signature of our variety by fi, by m^^ we denote the arity of w 
for every uj G fl. Ifw = w {xi, . . . , Xm^ ) & F {xi, ■ • • , Xm^ ) S ObB'^, then we can 
define in every algebra H G Q hy using of the this word w the new operation uj*: 
uj* {hi, . . . , hm^) = w (hi, . . . , hm^) for every hi, ... , hm^ S H. This operation 
we cah the verbal operation defined on the algebra H by the word w. If 
we have a system of words W = {w^ \uj gVI} such that G F {xi, . . . , x^^ ) 
then we denote by the algebra which coincide with H ds. a. set but instead 
the original operations {w | w G fi} it has the system of the verbal operations 
{w* I w G 17} defined by words from the system W. 

We suppose that we have the system of words W = {wi^ | G 17} satisfies 
the conditions: 

Opl) ) G F{xi,...,x^J G Obe°, 

Op2) for every F — F (X) G ObG" there exists an isomorphism ap ■ F ^ F^ 
such that crp \x— idx- 

It is clear isomorphisms ap are defined uniquely by the system of words W. 
The set S = {(Tp : F ^ F \ F & 0b9°} is a system of bijections which sat- 
isfies the conditions: 

Bl) for every homomorphism ^|J : A B (1 MorO'' the mappings ctb?/'ct^^ and 
a~j^^^aA are homomorphisms; 

B2) (Tp \x= idx for every free algebra F G 0b9°. 

So we can define the strongly stable automorphism by this system of bijec- 
tions. This automorphism preserves all objects of 0*^ and acts on morphism of 
6° by formula (11.21) . where s* = ap. 

Vice versa if we have a strongly stable automorphism $ of the category 9° 
then its system of bijections 5* = {s*:F— s-FjFG 0b9" } defined uniquely. 
Really, if F G 0b9° and / G then 

4 (/) = (x) - (4V' (4) (x) = ($ m (x) , (2.1) 

where D = F (x) - 1-generated free linear algebra - and : D ^ F ho- 
momorphism such that Tp {x) — f. Obviously that this system of bijections 
S ^ {s% : F ^ F \ F e 0b9°} fulfills conditions Bl) and B2) with ap = s%. 

If we have a system of bijections S = {ap : F ^ F \ F G 0b9°} which 
fulfills conditions Bl) and B2) than we can define the system of words W = 
{wuj I w G 11} satisfies the conditions Opl) and Op2) by formula 

(xi,...,XjnJ = crp^ {(^{{xi,...,XmJ)) G F^, (2.2) 

where = F (xi, . . . , x^^). 

By formulas p.ip and (|2.2p we can check that there are 
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1. one to one and onto correspondence between strongly stable automor- 
phisms of the category 6° and systems of bijections satisfied the conditions 
Bl) and B2) 

2. one to one and onto correspondence between systems of bijections satisfied 
the conditions Bl) and B2) and systems of words satisfied the conditions 
Opl) and Op2). 

Therefore we can calculate the group & if we can find the all system of words 
which fulfill conditions Opl) and Op2). For calculation of the group © D 2) we 
also have a 

Criterion 2.1 The strongly stable automorphism $ of the category Q'^ which 
corresponds to the system of words W is inner if and only if for every F G Ob©*^ 
there exists an isom,orphism cp ■ F ^ such that Cpil' = tpco fulfills for every 
{^p:D-^F)e More". 

3 Verbal operations in linear algebras. 

From now on, the variety G will be some specific variety of the linear algebras 
over infinite field k, which has the characteristic 0. We nether consider the 
vanished varieties, i., e., variety defined by identity a; = or variety defined by 
identity xiX2 = 0. 

We consider linear algebras as one-sorted universal algebras, i. c., multiplica- 
tion by scalar we consider as 1-ary operation for every A G fc: H 3 h —> Xh ^ H 
where H ^ Q. Hence the signature VL of algebras of our variety contains these 
operations: 0-ary operation 0; |A:| 1-ary operations of multiphcations by scalars; 
2-ary operation • and 2-ary operation +. We will finding the system of words 
W = {woj I w G fi} satisfies the conditions Opl) and Op2). We denote the words 
corresponding to these operations by wq, w\ for all A G fc, w., w+. So 

W = {wu: I cj G f2} = {wq,wx (A G k) ,w+,w.} (3.1) 

in our case. From this on we consider only these systems of words. 

Some time we denote by A* the operation defined by the word wx (A G fc), 
by _L the operation defined by the word w+ and by x the operation defined by 
the word w. . 

We denote the group of all automorphisms of the field k by Autfc. 

We use in our research the familiar fact that every variety of the linear 
algebras over infinite field k is multi-homogenous. So, for example, every 
F {X) G 0b9° can be decompose to the direct sum of the linear spaces of ele- 
ments which arc homogeneous according the sum of degrees of generators from 

oo oo 

the set X: F {X) = ^ Fi. We also denote the two sided ideals i^i = F^ . 

i=l i=j 

FiFj C Fi+j and F^F^ C Fi+j fulfills for every 1 < i,j < oo. From now on, the 
word " ideal" means two sided ideal of linear algebra. 
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All our varieties Q possess the IBN property, because l-'^l = dimF/F^ fulfills 
for all free algebras F = F {X) G 0b9°. So we have the decomposition (jl.ip 
for group of all automorphisms of the category 0°. 

4 Classical varieties of linear algebras. 

In this Section we consider as the variety Q the varieties of the all commutative 
algebras, of the all power associative algebras, i., e., the variety of linear algebras 
defined by identities 

X {x (.T^)) ^ X {{x^) x) = {x (x^)) X = x)x^ (x^) (x^) (4.1) 

and so on, of the all alternative algebras, of the all Jordan algebras and arbitrary 
subvariety defined by identities with coefficients from Z of the variety of the all 
anticommutative algebras. 

For the calculating of the group 6 we consider an arbitrary strongly stable 
automorphism $ of the category 8° and we will find for the all possible forms 
of the system of words W which corresponds to the automorphism 

For the all considered varieties F (0) = {0}, so wq = 0. 

The crucial point is the finding of the words wx (x) € F (x), where X G k. 
The system of words W must fulfills conditions Opl) and Op2). By condition 
Op2) all axioms of the variety 8 must hold in the F^ for every F e 0b8'^. For 
every X £ k* must holds 

■f^A-i (wx (x)) = wx {wx-1 (x)) = X. (4.2) 

So the mapping F {x~) 3 x ^ wx (x) G F (x) can by extended to the isomor- 
phism. 

By [B] the variety of the all commutative algebras is a Shraier variety and 
by [T] all automorphisms of the free algebras of these varieties are tame. So if 
8 is the variety of the all commutative algebras, then for A G fc* we have that 

wx{x) = ip{X)x, (4.3) 

where (p (A) G k. If A = 0, then must fulfills wx (x) = 0, so in this case we also 
can write (|4.3p . where ip (A) — 0. 

If 8 is the variety of the all power associative algebras, then F (x) is the 
algebra of the polynomials of degrees no less then 1. Hence from (|4.2p we can 
conclude that degui^ (x) — 1 and (|4.3p holds. Similar result we have for the va- 
riety of the all alternative algebras and for the variety of the all Jordan algebras, 
because these varieties are subvarieties of the variety of the all power associative 
algebras (see [101 Chapter 2, Theorem 2] and [TOl Chapter 3, Corollary from 
Theorem 8]), so in these varieties F (x) is also the algebra of the polynomials of 
degrees no less then 1. 

We conclude (|4.3p for the arbitrary subvariety defined by identities with 
coefficients from Z of the variety of the all anticommutative algebras from the 
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fact that in this variety dim.F' (x) — 1. Therefore in all our varieties we have 
(1431) for all A 6 fc. 

\^ {[I* x) — (A/i) * X must fulfills in F (x) for every A, e fc. We can 
conclude from this axiom as in ^ that Lp (XfJ.) = (p (A) cp (fi). Also by using [71 
Proposition 4.2] we can prove that : fc — fc is a surjection. 

After this we can conclude from axioms xi _L = xi, _L X2 = X2, xi _L 
X2 = X2 -L xi and A * (xi _L X2) = (A * xi) ± (A * 2:2) as in the |9| that in all our 
varieties the 

W+ {xi,X2) ^ Xi + X2 (4.4) 

holds. Hear we must use the decomposition of F (xi, X2) to the direct sum of the 
linear spaces of elements which are homogeneous according the sum of degrees 
of generators, which was used in W . 

From axiom (A + /i)*x = A*a; + /i*x for every A, /i e fc we conclude that 
</5 (A + /Lt) = (A) + </5 (/x). So if G Autfc. 

Now we must to find the all possible forms of the word w. G F{xi,X2)- 
Hear as in [S] we use the decomposition of F {xi,X2) to the direct sum of the 
linear spaces of elements which are homogeneous according the degree of xi, 
and after this according the degree of X2. From axioms 0xx2=xix0 = and 
A * (xi X X2) = (A * xi) X X2 = xi X (A * X2) for every A e fc we can conclude 
that w. e F2 (xi,X2), w. (xi,0) = w. (0,X2) = 0. It means that for the variety 
of the all power associative algebras 

w. (xi,X2) = ai,2a;ia;2 + a24a;2a;i, (4.5) 

where ai^2, 0^2,1 S fc. By condition Op2) in this variety the multiplication in F^ 
can not by commutative or anticommutative, so ai^2 7^ ±(22,1. 

For the varieties of the all commutative algebras, of the all Jordan algebras 
and for the arbitrary subvariety defined by identities with coefficients from Z of 
the variety of the all anticommutative algebras we have that 

w. (xi,X2) = ai^2a;iX2, (4.6) 

where ai_2 7^ 0. 

For the variety of the all alternative algebras we conclude from axiom (xi x xi ) x 
X2 = xi X (xi X X2) that 

w. (xi,X2) = ai^2a;iX2 (4.7) 

or 

w. (xi,X2) = 02,1X2X1, (4.8) 

where ai,2, 0:2,1 7^ 0. 

Now we will prove for all our varieties that the systems of words W defined 
above fulfill condition Op2). First of all we will prove that ii H G & then 
G 0. It means that we will check that in the the all axioms of the 
variety Q hold. All these checking can be made by direct calculations. For all 
our varieties we must check only these axioms of linear algebra: (xi + X2) x X3 = 
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(xi X X3) + {x2 X 0:3) and xi x {x2 + X3) — (xi x X2) + {xi x X3), because other 
axioms arc immediately concluded from the forms of the words of the system 
W. 

For the varieties of the all commutative algebras and of the all Jordan alge- 
bras we must check the axiom a;ixa;2=X2Xa;i. 

Also for the variety of the all Jordan algebras we also must check the axiom 

{{xi X Xi) X X2) X Xi — {xi X Xi) X {X2 X Xi). 

For the variety of the all alternative algebras we must check the axioms 
(xi X xi) X X2 ~ xi X (xi X X2) and X2 x (xi x xi) — (x2 x xi) x xi. 

For the variety of the all power associative algebras we must check the axioms 
(|4.ip where the original multiplication changed by operation x . We consider a 
power associative algebra H and the free 1-generated power associative algebra 
F — F{x). We take a monomial u € F such that coefficient of m is 1, and 
degM = n. If in the monomial u we change the original multiplication by 
operation x than we achieve ^ F^. It is easy to prove by induction that 

{h) — (ai,2 + Ck2,i)"~^ u (h) holds for every h G H. It finishes the checking 
of the necessary axioms. 

For the arbitrary subvariety defined by identities with coefficients from Z 
of the variety of the all anticommutative algebras we must check the axiom 
xi X X2 = — 1 * (x2 X xi) and the specific axioms of this subvariety. Our field k 
is infinite so all axioms of this subvariety can by presented in the homogeneous 

m 

form: ^ XiUi ~ 0, where A,; G Z, Ui F (xi, . . . , x^), F (xi, . . . , x^) G ObG'', 

Ui are monomials with coefficients 1, degu.; = n for every i. Xi G because 
all operations of the process of the homogenization of the identities can by 
made with coefficients from Q. We must check that for every H G Q and 

m 

every hi, . . . ,hr £ H the ^ Xi * uf {hi, . . . , hr) = holds. As above by in- 

i=l 

m 

duction we can prove that {hi, . . . , hr) — ai^^Ui {hi, . . . , hr), so ^ A,; * 

i=l 

m 

uf {hi, ...,hr)= a"2^ J2 ^i^i (^lli • • • , /ir) = 0. 

i=l 

After all these checking we can conclude that for every F = F {X) G 0b8° 
there exists a homomorphism up '■ F ^ F^ such that ap \x= idx- As in the 

we can prove that ct_f is an isomorphism, so the systems of words defined 
above fulfill condition Op2). It completes the calculation of the group &. 

For calculation of the group 2) fl 6 we can prove as in the 9 that for the 
all considered varieties the strongly stable automorphism $ which corresponds 
to the defined above system of words W is inner if and only if q;2,i = and 
ip = idk- 

So, as in the [9l we can prove that for the variety of the all power associative 
algebras 21/2) = {U (fcS2) /U {k {e})) XAutfc, where S2 is the symmetric group 
of the set which has 2 elements, U (^82) is the group of all invertible elements 
of the group algebra ^82, U {k {e}) is a group of all invertible elements of the 
subalgebra k{e}, every ip € Autfc acts on the algebra ^82 by natural way: 
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1^ [ae + b (12)) = ip{a)e + (6) (12). But there is an isomorphism of groups 

U (fcSa) 9 ae + 6 (12) -s- (a + 6, a - 6) e fc* x fc* 
so there is isomorphism 

U {kS2) /U {k {e}) = U (fcSa) /k*e ^{ae + b (12)) k*e e k*. 

Hence we prove the 

Theorem 4.1 For variety of the all power associative algebras 

^k*\Kutk 

holds. 

By similar way we prove 
Theorem 4.2 For the variety of the all alternative algebras 

2l/Sg ^Sa X Autfc 

holds. 

And for other considered varieties we achieve 
Theorem 4.3 For the variety of the all commutative algebras 

21/2) ^Autfc 

holds. 

Theorem 4.4 For the variety of the all Jordan algebras 

21/2) ^Autfc 

holds. 

Theorem 4.5 For the arbitrary subvariety defined by identities with coefficients 
from Z of the variety of the all anticommutative algebras 

21/2) ^AutA; 

holds. 
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5 Varieties of nilpotent algebras. 



We denote by *P„ the set of all arrangements of the brackets on monomial which 
has n factors. For every p e *P„ we denote by p (x^^ , . . . , Xi^ ) the monomial from 
absolutely free linear algebra F {X), where {xi-^ , ■ ■ ■ , Xi^} C X. This monomial 
we obtain by putting brackets according the arrangement p on associative word 
Xij^ . . . Xi^ . In this notation the variety of all nilpotent linear algebras of degree 
not more than n is a variety of linear algebras defined by identities 



where p G *P„. These varieties we denote in this section by 0„, where n > 3. 
The categories of the finitely generated free algebras of these varieties we denote 
by 0°. By 2t„ we denote the group of the all automorphisms of the category 
Gj^, by S?)n the group of the all inner automorphisms of this category and by 
&n the group of the all strongly stable automorphisms of the category 9" 

5.1 Connection between groups 2t„/2)jj of the categories 

n 

In this subsection we develop the method of [S], Section 2] . 

Proposition 5.1 If F E ObGj'j and the system of words W fulfills conditions 
Opl) and Op2) in 8^ then F' = {F^f holds forl<i<n-l. 

Proof. By condition Opl) we have that wq = and 

w\ (x) ^ip{X)x + l2 (x) e F{x), 

where h {x) € {F {x)f, ip (A) £ k. Also 

w+ {xi,X2) = axi + 13X2 + P2{xi,X2) £ F {xi,X2) , 

where p2 {xi,X2) G {F {xi,X2 ))^ a,/3efc. By Op2) 



p(xi,...,a;„) = 0, 



(5.1) 



w+ (a;i,0) 



axi +P2 {xi,0) = xi 



and 



must fulfill. So a 



W+ (0,X2) 

13^1. And 



13X2 +P2 {0,X2) = X2 



W+ {X1,X2) 



Xl + X2+P2 {X1,X2) ■ 



Analogously 



W. {xi,X2) = JXi + 6X2 + 92 {X1,X2) £ F {xi,X2) , 

where q2 {xi,X2) G (i^ (xi, 2:2))^, j,S e k. 



w. {xi , 0) = ■yxi + q2 {xi , 0) = 
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and 

W. (0, X2) = SX2 + q2 (0, X2) = 

must fulfill. So J — S — and q2 (xi, 0) = (72 (0, X2) — 0. 52 [xi, 0) is a sum of 
monomials which contain only xi and (72 (a^2 , 0) is a sum of monomials which 
contain only X2- Therefore 

w. {xi,X2) — ai,2a;ia;2 + 0:2,1X2X1 + gs {xi,X2) 

where qs {xi,X2) € (F (xi, 0:2))^, ai,2,ck2,i G fc- 
Now we can prove that 

(FwY C (5.2) 

holds for every i > 1. We will use induction by i. For i = 1 (15. 2p fulfills 
by definition of F^. We assume that (|5.2I) proved for i < j. If it G (F^^)*^, 

V G [F-^y , such that s + r= j,l<s + r, then by our assumption u G F*", 

V G F'^. We have 

M X w = q:i_2Ww + a2,ii'w + 93 (m, u) G . 

li u,v G F^ then 

u _L u = u + u + P2 (it, G . 

Also for every A G fc 

A * u (A) M + /2 (m) G F^ . 

Therefore (|5.2p is proved. 

After this we can prove the inverse inclusion by [7j Proposition 4.2]. ■ 

Proposition 5.2 There is a homomorphism Sn '■ &n &n-i- 

Proof. We will define the mapping 5„ : ©„ — S„_i and after this we will prove 
that this mapping is a homomorphism of groups. By Section [2] the element $ G 
&n which is a strongly stable automorphism of the category Q'^ can be defined 
by the system of words (|3.ip which fulfills conditions Opl) and Op20 as well as 
by the system of bijections {ap(„) : ^ F(") | G ObO" } which fulfiUs 
conditions Bl) and B2). In this proof we actively use the second definition. 

pin-l) ^ p(n)l (^pin)^-^ f^^g^g f^^. g^g^y p(n) ^ Obe°, whcrC F^""!) G 

0b8°_]^. We consider $ G ©„. By Section [5] (t^(„) is an isomorphism F^") — > 
(F("))J^, where ly = |(t^(„)W | w G ilj, is a signature of linear algebras, 

F^"'* = F^") (xi, . . . , Xm) G Ob0^, TO is an arity of the operation uj. We denote 
Kp(r,) the homomorphism F^") — J- F^""^) G 6„, so in the set F^"^^) we 

also can consider the verbal operations defined by the system of words W . This 
algebra we denote (F("-i))j^. By [71 Remark 3.1] K,p{n) is also homomorphism 

from (F("));, to (F("-i));,. 
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Now we will consider this diagram: 

(TfC") i 4- ctfC") |(Tj?(r>-i) . (5.3) 

Both rows of this diagram are exact because kerK^(„) = (^p(^)^" ^. ap(n)is an 
isomorphism according the condition Op2). So 



by Proposition 15.11 Therefore the left square of (|5.3p is commutative. So we 
can close the right square of (|5.3p by uniquely defined homomorphism ap{n-ii 
which fulfills 

ap[r,-l)Kp{r,) = K,p{r,)(7p{r,). (5.5) 

Gpi-n) is an isomorphism and (j5.4p fulfills, so ct^(,i-i) is an isomorphism. 
Therefore for we have a system of bijcctions 

[(Tpir.-!) : ^ I e Obe°_i} . (5.6) 

We will check that (15.61) fulfills conditions Bl) and B2). If X is a set of free 
generators of F^") (X) ^ e Obe° , then {Kp(„) (x) \ x £ X} is a set of free 
generators of F^""-^^ ap(„-i)Hip(n) (x) = Kp{„)ap(„) (x) — Kp{„) (x), so (|5.6p 
fulfills condition B2). 

We assume that ip : A^"-^'> B^"-^^ e More^„i. A^"-^\ B^"-^'> e e„, 
Kg(n) : B*^"-* is an epimorphism, A^") is a free algebra in the variety 

G„, so there exists a homomorphism ip : A*^"^ — ^ _B'^"\ such that Kg(„)^ = 
ipK^in) . Therefore we have that 

crB(«-i)V'0-^(^„-i)'«A(") = 0-B("-i)V"«yl(")'^^("r>) = 
CTB("-i)'«B(")^Cr^(^„) = '«B(")0'B(")V'0-^(^„). 

The system of bijections {crj,(„) | F^") G ObB"} fulfills condition Bl), so (Jg{„)^a 
and Kg{n}ag(n)ipa^l„j are homomorphisms. Therefore cr5(„-i)?/;CT^(\j_i)K^(,i) is 
a homomorphism. If a; G is a rn-ary operation and ai, . . . , am G A*^""^) then 
there are /i, . . . , G A'") such that = Kj^(^) {fi), 1 < i < m. So 

o'B("-i)V'cr^(^„-i)W (ai, . . . ,a„) ^ aB{n.-i)^a~l„_,^uj {kj^i„) (/i) , . . . , k^(„) (/„)) = 

CTbC"-!) (/i, • ■ • , /m) = 

W (crB(„~i)V'Cr~(^„_i)K^(„) (/i) , . . . ifm)) = 

UJ {(JB("-^)i"^Al"-i) (ai) ; ■ • ■ ,cri3("-i)'0c'^(l-i) (a™)) ■ 
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Hence ag(n-i)ipa^l„_-i^^ is a homomorphism. Analogously we can prove that 
o'~J„_i) is also a homomorphism. Therefore (|5.6p fulfills condition Bl). 

We can consider 6„ as set of bijections {(7pi„) : F^") | G Obe° } 

which fulfills conditions Bl) and B2). And we can consider 6„_i as set of bi- 
jections (|5.6I) which fulfills conditions Bl) and B2). We prove that there is a 
mapping 

5„ : ©„ 9 {a^(„) : F^^'^ ^ F^") | F^") G ObOO } ^ 

: ^ | F^"-!' e Obe°_i} G 6„_i. 

Now we will prove that this mapping is a homomorphism. We also will use nota- 
tion Sn {(Tpin)) — Upi-n-i), where (Tp(n-i) defined by condition (|5.5p . We assume 
that $i,$2 e 6n- is defined by system of bijection |cr^|„) | F^") G 0b9°|, 

i = 1, 2. 5„ (<I>j) is defined by system of bijection |5„ (ct^m) | F(") G Obe° |, 

i = 1,2. $i$2 is defined by system of bijection |cr^\L)Cr^^(l) | F^") G Obe^,| 

and5„ ($i$2) is defined by system of bijection |5„ (cr^\l)^F(")) I ^'"^ ^ ObO^j. 
By (|5.5p we have that 

<, / (1) \ ^ / (2) \ C Ml) ^ (2) ( (1) (2) 

p(,„) j [cr ^(„) j Kp(„) = 6„ ya ^(„) J K_F(,.)(Tj^(„, - Kp(,^) p^„)(yp^„) 
fulfills for every F^") G Obe°. Therefore 



and Sn ($l) 5„ ($2) = Sn ($1$2). ■ 

Corollary 1 For every <i> G ©„ which defined by system of words W = {lo^^.n | w G 51} 
t/iere exists ^> G ©n-i which defined by system of words W = ^Kp(n)Waj.n-i \ ^ G 

such that W^^n = W^^n-l + T'w.n, W„,n S ^'mj , G f^'l"'') , T^^n G 

(f^I) , = (xi , . . . , J G Obeo, m„ orztj/ of to. 

\ / n— 1 

Proof. We take * 5„ ($). The system of bijection [opi^) \ F(") G Obe° } 
corresponds to the automorphism the system of bijection {tTp(„-i) | F^""!) G 0b9°_ 
corresponds to the automorphism The system of words |crp(T.-i) | w G r^j 

defines the automorphism For every w G O we can decompose ap{-n-i)Uj — 
Wuj,n = w^,n-i + ?'w,n- Wc have that 
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Proposition 5.3 //* G 6„n2}„, then 5„ ($) £ 6„_in2)„_i. 

Proof. If (f> G (5„n2)„, then by definitions 11.11 and 11.21 there exists a sys- 
tem of isomorphisms {s^c„) : i^^"^ F^") | F^") G 0b6°} such that SB(„)ip = 
$(i/')s^(„) fulfills for every V G Moreo For every F^") G ObG" 

we consider the diagram 

and simpler than after the consideration of the diagram (|5.3p conclude that we 
can close the right square of this diagram by isomorphism Sp(n-i) which fulfills 

We will consider a homomorphism G Morgo (A'""^^ i?*^"^^)) . As in 
the proof of the Proposition 15.21 we can conclude that there exists a homo- 
morphism ip G Moreo such that Kg(„)^/j = fulfills. The 
system of bijections which corresponds to the automorhism $ we denote by 
{crp(n-) I F'"-* G ObG" } and the system of bijections which corresponds to the 
automorphism 5„ ($) we denote by {5„ (crj.(„)) : F("-i) | F(") G ObG^} 
By definitionOthe $ (i^^ = crgi„)4>a^l„) and (5„ ($)) (-0) = 5„ (5„ (ct^( 
fulfills. So we have that 

((5„ ($)) (V^)) S^(„-l)K^(„) =5„((TB(„))V'('5„(cr^(„)))~^K^(,i)S^(„) = 

holds. Therefore ($)) (tA)) s^(™-i) = s^c.i-ijV' and 5„ ($) is an inner auto- 
morphism with the system of isomorphisms {sp(n-i) \ F*^""^) G 0b9°_]^}. ■ 
From Propositions 15.21 and 15.31 we can conclude the 

Theorem 5.1 There is a homomorphism Sn ■ ^n/^n ~^ ^n-i/?^n-i- 

5.2 Group 213/2)3. 
Theorem 5.2 213/2)3 = fc*XAutfc. 

Proof. We assume that the system of words W fulfills conditions Opl) and 
Op2) in the variety 83. We will find the specific form of these words. As in the 
proof of the Proposition 15 . 1 1 wc have that wo,3 — 0, w+,3 (xi,X2) = xi + X2 + 

P2 {xi,X2), where p2 ixi,X2) G (F^^' {xi,X2)) and p2 ixi,0) = P2 (0,2:2) = 
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fulfills. Therefore p2 {xi,X2) — 7i,22^i2;2 + 72 12^22^1, where 2; 72 1 G ^- By 
Op2) {xi,X2) = w+,3 ix2,xi) must fuMl, so 7i_2 = 72,1- 

By Opl) WA,3 (x) = (pi\)x + ij{\)x^ e F (x), where (A) XA) e /c, fulfills 
for every A G fc. A * (xi ± X2) = (A * xi) ± (A * ^2) must fulfill in F'--'^^ {xi, 2:2). 

A * (Xl ± 3:2) = A * (.Xl + 2:2 + 71^22^12^2 + 7l,22;22;i) = 
(A) {xi + X2+ ^x,2X\X2 + 7l,22^2a;i)+V' (A) (xi + 2:2 + 7i_22:i2:2 + 71,22^22:1)^ = 

^ (A) xi + <y9 (A) X2 + ^ (A) 71,22:12:2 + ^ (A) 7i_22;22:i + 
-0 (A) xl + 'ip (A) 2:3 + (^) 2;i2;2 + -0 (A) a;2a;i. 
(A * xi) ± (A * 0:2) = {ip (A) xi + V (A) 2;?) -L {ip (A) X2 + -0 (A) xj) = 
if (A) xi + ■(/; (A) xl + ip (A) 2:2 + -0 (A) xl + 
7i,2 (A) 2:1+7/^ (A) xi) {ip (A) 2:2+1^ (A) xl) + 
7i 2 (v? (A) X2 + ip (A) (A) xi + V (A) xf) ^ 

V? (A) Xl + (A) xl + ip (A) 2:2 + V (A) a;2 + 71,2 {•P W f xiX2 + 71,2 (</' (A))^ 2;22;i. 

So ^ (A) 7i,2 + ^ (A) = 7i,2 (A))' and ^ (A) - 71,2 ((v' (A))' - ^ (A)) . 
{^i + X) * X = * x) ^- {\ * x) must fulfill in F^'^^ {x) for every /i, A G /c. 

(^f + A) * X EE (/I + A) x ^mod (x)) 

(/I * x) ± (A * x) = (v5 (Ai) + V5 (A)) a; ^mod (i^^^) (^^^ ^ 

so (/i + A) = (/? (/i) + </? (A). From (/iA) * x = /i * (A * x) we conclude that 
(/? (/zA) = (/? (/i) (/5 (A). We consider /i G fc. By condition Opl) f7^(3)(a.) : 

F*^'^^ (x) — > (F*^"^) (2:)) is an isomorphism. So /ix = A * a; ± u * {x x x), 
where \,v € k. 

As in the proof of the Proposition 1 5 . 1 1 we have that w. (xi, X2) = 0,1^2X1X2 + 
a2,i2;2a;i. 

By Proposition 15. II we have that fxx = \ * x = ip (A) x (^mod(F(3) {x)f^, so 

fi — ip{X). Therefore (p G Autfc. 

We prove that if the system of words p.ip fulfills conditions Opl) and Op2) 
then necessary 

W0,3 = 0, (xi, X2) = Xl + 2:2 + 7122:1X2 + 71^22:22:1, 

wx,3 (xi) = (A) Xl + 71^2 ((^ (A))' - P (A)) X? (A G A:) , (5.7) 
w.,3 (2:1, X2) = ai, 22:1X2 + a2, 1X2X1, 
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where 0:1,2, ce2,i, 7i 2 & k, (p G Autfc. If we will construct the isomorphism 
ap '■ F ^ for every F e ObB!], then, as in the f9| we must demand 
ai,2 / ±024- 

Now we will prove that if the system of words W has form (I5.7P then this 
system of words fulfills conditions Opl) and Op2). First of all we must check 
that if -ff e 93 and the system of words W has form (15.71) then e 63. We 
can check it by direct calculation. For example, if /i G iJ G 63, /i, A G fc then 

{^.X) *h^ip (^A) h + 7i 2 ((<P (mA))^ - V (m^)) h^, 
* (A * /») = * (A) + 7i,2 ((V' (A))' - ^ (A)) /i^) = 
<p (m) (A) + 7i,2 ((^ (A))' - V (A)) /i^) +71,2 ((V' {lAf - V (m)) (v' (A))' = 
V ifi) ^ (A) /i+7i,2 (v' (a^) ((^ (A))' - ^ (A)) + ((^ (a*))' - ^ (Ai)) (A))') /i^ = 

ip (m) ^ (A) + 7i,2 ((^ (m))' (A))' - ^ (m) ^ (A)) h\ 
If /ii, /i2 G G 63 then A G A; 

(A * hi) X h2 = 
(ip (A) hi + 71^2 (((^ (A))' - ip (A)) /i?) X = 
ai,2'^5 (A) hih2 + a2sV (A) ^2/11, 

A * (/li X ft,2) = 

A * {oii,2hih2 + 02, 1^2/11) = 
(A) (ai,2ft-i/i2 + "2,1/12^-1) • 

By similar way we can prove that /ii x (A * ^12) = A * (/ii x /12). Other axioms 
of the variety 83 fulfill in by the constructions of the words (|5.7p . 

It means that if the system of words W has form (|5.7p then for every 
F = F {X) G ObOfj exists a homomorphism ap ■ F ^ F^ such that ctf |x= 
idx- Our goal is to prove that these homomorphisms are isomorphisms. For 
this purpose we will research the superpositions of these homomorphisms. If 
the system of words W has form (|5.7p then it depends on the parameters 
(p, 7i_2, "1,2 and 02,1, where tp G Aut/c, 71,2,01,2,02,1 e fc, 01,2 ^ ±02,1- 
We will denote the homomorphism ap which corresponds to the system of 
words W with parameters ip, 712, 01,2, 02,1 by ap = ap 7^^ 2, 0^1,2, 02,1), 
or for shortness, ap (c/?, 2, 0^1,2, 02,1) . It is clear that ap {idk, 0,1,0) = idp 
for every F G ObO!]. We consider two system of of words W''^\ i — 1,2. 
Both these systems have form (|5.7|) and defined the system of homomorphisms 

\^ap [y^'^^'>,li^,a^l,a'i\^ \ F G Obe!]|, i = 1,2. We have in F (x) G OhQ° for 
every X £ k 

a (^(^), 7li oil o^^l) a (^W, 7^, o^, o^) (A.x) = 
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(^(^) (^(1) (A)) a: + 7S ((^(^) (^(^) (A)))' - ^(^) (^(^) (A))) a:^) ± 

^(^) (7^ ((^« (A))' ~ ^(^) (A))) (ag + ag) = 
(^(^)^W)(A)a;+ 

(7g + ^(^^ (7g) (ag + ag)) {{{^''' ^''') (^))' " (^^'^^^0 (^)) ' 
Also we have in F (xi, X2) S ObQs 

o- ("^^^^ 71% ag, ag) (^xi +X2+ -lilx-i_x-2 + 7^x2x1) = 
xi A- X2 1- 7i"^2 * I a;i X a;2 I ± 71^9 * [ X2 xi] = 

(2) (2) ^'^ (2) V (2) y (2) ''^ (2) V (2) / 

{xx +X2+ 7ga;ia;2 + 7ga;2a;i j + 
'/'^^^ (^^i^s) (ag^ia;2 +aflx2X-^ + t/^^^^ (^^1^2) (aga;2a;i + aga;ia;2) = 
X.+X2+ (7^ + ^'^^^ (7^) (ag + ag)) a:,X2+ 
(7^ + ^^^) (7^) (ag+ag)).2X, 
a (^(^),7g,«g,4'l) . (^(^\7g,ag,«W) (-1-2) = 
(</?^^\ 7^% ag, ag) (aga;ia;2 + agx2Xi) = 
Qfi^o * I xi X X2 I -L al^] * I 2:2 X xi ) = 

^'^ (2) V (2) J (2) ^'^ (2) V (2) J 

ip^"^^ ("g) (a'^^xiX2 + a'^Jx2Xij + ip'^'^^ ("g) (a'^}2^2Xi + a'^JxiX2^ = 

(^(^) ag + ^(^) (ag) ag) .,X2+(^(^) (ag) ag + ^^'^ (ag) ag) 

Therefore 

a ("03(2) ^(2) (2) (2)\ / (1) (1) (1) _ / (3) (3) (3) (3)\ 

" I ) 7l,2> "1,2> "2,1 ) " I 5 7l,2> "l,2> "2,1 ) •'^ I > 7l,25 "1,25 "2,1 ) 5 



where 

- ^^^^ (4!0 "1^2 + ^^^^ 4^ (5.8) 

^^Nv'^^^ («w)4^1 + ^'^^ (4!041 

Hence we have a decomposition 

(</''7i,2:«i,2,a2,i) = cr (idfc, 7i 2, 1,0) (7 (v9,0,ai, 2, a2,i)- (5.9) 
Also we have for every F e ObO" by (|5.8p 

((p~\0,^i 2>/32,i) = (<^,0,ai,2,a2,i)"^ > 

where 

/^l,2 /52,1 \ ^( '/'"M"1.2) </'"Ma2.l) V 

I P2,i P1.2 ) \ («2,i) («i.2) y' ■ 

Therefore ah homomorphisms ap {'fi, 7i 2; cn,2, 02,1) for every F € ObO^, every 
(f G Autfc and 7i 2j ai,2, a2,i G k such that Q!i,2 ^ ±0:2,1 are isomorphisms. So 
all systems of words W which have form (|5.7p fulfill conditions Opl) and Op2) 
and all automorphisms of 63 which corresponds to these systems of words are 
strongly stable. 

Now we must calculate the group 2)3 n ©3. If $ G 63 then the system 
of words W which corresponds to <f> fulfills conditions Opl) and Op2). From 
Proposition 15.11 we can conclude that ap {F"^) = F"^ for every F G ObO!] and 
i = 1,2. Therefore as in the [9l Lemma 4.1 and Proposition 4.1] we can prove 
that if $ is inner then q;2,i = 0, if = idk- Now we will prove that this conditions 
are sufficient. We consider $ S ©3 which corresponds to the system of words W 
which has form (j5.7p such that 02,1 — and Lp — idk- 011^2 7^ ±02,1, so ai^2 7^ 0. 
For every F G ObOg we define the mapping cp : F — > F by this formula: 

CF if) = aZlf + Q^^,27l,2/^ 

where f G F. We will prove by direct calculation that cp : F ^ F^ is an 
isomorphism. For every f E F and X G k we have 

CP (A/) = a^lXf + a^,27l,2•^V^ 

\*cp{f)^\ {allf + arj7i.2/') + 7i,2«r,2 (A' - \) f ^ cp (A/) . 
For every /i , /2 G F we have 

CP ifi + /2) = ifi + /2) + aZhi,2 ifi + .12? = 

"0/1 + "r,2/2 + ar,27l,2/l + "r,27l,2/l/2 + O.lhia^'^^^ + "^,27l,2/2^ 
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CF ifi) -L CF (/2) = {aiafi + "r,27i,2/i ) -L {^1^2 + ar,27i,2/2) = 
arj/i + "r,27i,2/i + + ar,27i,2/2 + ar,27i,2/i/2 + ar,27i,2/2/i, 

CF (/1/2) = ari/1/2, 

(/i) X CF (/2) = {aiafi + arJ7i,2/i ) x (ar,2/2 + ar,27i,2/2) = "r;2/i/2- 

Therefore cf is a homomorphism. By Proposition 15 . 1 1 we have = {F^Y for 
i = 1, 2. By (1121) A * (/ + (F^f'j = A/ + so we have for every F {X) € 

OhQl that sp |cF (2:) + (i^vV)^ I X e x| = F^/ {F^f. By [7, Proposition 4.1] 

G 03. So (cf (x) + (F^)'^ I X £ X) — F^ and cf is an epimorphism. 

\ / alg 

By the dimensional reason cp is an isomorphism. It is clear that cf4' = ip^D 
fulfiUs for every F, D £ ObO" and every {tp : D ^ F) £ MorOg. Therefore $ is 
inner. 

After this by using of the (15.91) we prove as in the [9] that 
213/2)3= {U (fcSa) /[/ (fc {e})) XAutA;=fc*XAut/c. 



5.3 Group 214/2)4. 
Theorem 5.3 214/2)4 fc*XAut/c. 

Proof. We assume that the system of words W fulfills conditions Opl) and 
Op2) in the variety G4. We will find the specific form of these words. By 
Corollary [1] from Proposition 15.21 we have w+^i = + r^^4, where £ 



F^^ ixi,X2), w+,3 = xi +a;2 +7i.2a:^ia;2 + 7i,22;2a;i e (F^*^ {xi,X2))^, r+,4 £ 

1=1 

2 2 
(fW (a;i,a;2))3. We denote r+^4 = E x^s+ E l^^i^2,^3)^n ix^2Xi,), 

n, 12, 13 = 1 11,12, 13 = 1 

where 7(»i,»2)i3 , 7*1(^2,^3) ^ k. From (xi,0) = xi and (0,.T2) = X2 we 
conclude that 

r+,4(xi,0) = r+,4 (0,0:2) = 0. (5.10) 

From 

w+,4 (a;i, 0:2) = w+^4 (2:2,2:1) (5-11) 
we conclude that 7(1.1)2 = 7(2, 2)1 so on. 

w+,4 (a:i,w+,4 (2:2,2:3)) = (w+,4 (xi, 2:2) , 2:3) (5-12) 

must fulfills in F^^^ (0:1,22,2:3). We can write the left side of this equation as 

w+,3 (2:i,w+^4 (22, 23))+?"+, 4 (a:i,w+,4 (22,23)). By nilpotence (a:i, w+,4 (2:2,2:3)) = 

r+,4 {xi,X2 +2:3). The terms of degree 3 of the w+,3 (2:1, w+^4 (22, 23)) are equal 

r+,4 (2:2,2:3) + 7^ 22:1 (222:3 + X3X2) +7i 2 (2^223 + 2:3X2)21. 
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Reciprocally the terms of degree 3 of the right side of equation (I5.12p are equal 

r+_4 {xi,X2)+j1^2 {^1^2 + X2Xi)x3+j1^2X3 {xiX2 + X2Xi)+r+^4 {xi + X2,X3) . 

Therefore from (|5.12l) we can conclude 

71,22^1 {X2X3 + X3X2) + 7i_2 {X2X3 + X3X2) Xi + 

{xi,X2 + X3) - r+A {xi,X2) - r+,4 {xi^x^)) = 

7l,2 (2:ia;2 + X2Xi)x3 + 7i_22;3 {xiX2 + X2X1) + (5.13) 

{xi +X2,X3) -r+,4 {xi.xz) - r+,4 (a;2,a;3))- 

By (|5.10p all terms of (I5.13P have entries of Xi,X2 and 3:3. If we compare the 
coefficients of {X1X2) x^ in (15.13^ . then we achieve 

7(1,2)2 = 7?,2 + 7(1,1)2- (5-14) 
From comparison of the coefhcients of (2:20:1) 2:3 we achieve by using of (|5.1ip 

7(1,2)1=71,2 + 7(1,1)2- (5-15) 

By consideration of the coefficients of (2:10:3) X2 and of the coefficients of (2:32:1) X2 
we conclude 7(1,2)2 — 7(i,2)i7 but this is a corollary of (|5.14p and (|5.15p . If we 
compare the coefRcients of (2:22:3) 2:1 we conclude the equation (|5.15p and if we 
compare the coefficients of (2:32:2)2:1 we conclude the equation (|5.14p . From 
comparison of the coefficients of xi (2:22:3) we achieve 

7?,2 +7i(2,2) = 7i(i,2)- (5-16) 
By consideration of the coefficients of 21 (2:322) we achieve 

7?,2 + 7i(2,2) = 7i(2,i)- (5-17) 

If we consider the coefficients of 2:2 (212:3) or the coefficients of 22 (2:32:1), then 
we have 7i(2,i) = 7i(i,2)i but this is a corollary of (|5.16p and (|5.17l) . If we 
compare the coefficients of 23 (2:122), then we achieve the equation (|5.17p . and 
if we compare the coefficients of 23 (2:22:1), then we achieve the equation (|5.16p . 
By (|5Tlll - ([STT]) we have that 

r+,4 (2:1, 2:2) = 7(1, 1)22;? 0:2+ (71,2 + 7(1,1)2) (2^12^2) 2:2+(7i,2 + 7(1,1)2) (2:12:2) 2:1 + 

7(1,1)22^22^1 + {ll,2 + 7(1,1)2) (2:221) 2:1 + (7^ 2 + 7(1,1)2) (2:22:1) 22 + 

71(2,2)2^12:2 + (7I2 + 7i(2,2)) 2:1 (2:122) + (7^,2 + 7i(2,2)) 2:i (2221) + 

71(2,2)2^22? + (7?_2 + 7l(2,2)) 2:2 (2221) + {jl 2 + 7l(2,2)) 2:2 (212:2) . (5.18) 
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By Corollary [T] from Proposition 15.21 we have w.a — w.,3 + where 

2 

1=1 

2 2 
(fW (a;i,a;2))3- We denote r., 4 = E 

where Q;(ij^i2)i3,aij(i2^i3) G fc. From z/;._4(a;i,0) = u'.^4(0,X2) = we conclude 
that 

r.,4(a;i,0) = r.,4(0,X2) = 0. (5.19) 
(w+,4 (a;i,a:2) ,0:3) = w+,4 (w.,4 (a;i,a;3) , w.^4 (a;2,a;3)) (5.20) 
must fulfills in F'^^^ {xi,X2,X3) by Op2). By nilpotence 

w+,4 {w.a (xi^xs) , w.,4 (a;2,a;3)) = w.,4 (a;i,a;3) + w.a (2:2, 2:3) . 
If we compare the terms of degree 3 of the equation (|5.20p , then we have 

^■,3 (7i,2a^ia;2 + 7i^2a;2a;i,a;3) + r.,4 (xi + X2,X3) = r.,4 {xi,X3) + r._4 (a;2,X3) 
or 

"i,27i,2 (a;ia;2) 0:3 + "1,271,2 (a;2a;i) X3 + "2, 171,2^^3 (a;ia;2) + "2, 171,22^3 {x2Xi) + 

{r.Aixi +X2,X3) - r.,4 (a;i,X3) - r.,4 (0:2, X3)) =0. (5.21) 

By (|5.10l) all terms of (15. 13^ have entries of xi,X2 and 2:3. If we compare the 
coefficients of {X1X2) X3 we achieve 

"i,27i,2 +"(1,1)2 = 0. (5.22) 

Other comparisons in the order, which was described above, give us 

"(1,2)1=0, (5.23) 

"(2,1)1 = 0, (5.24) 

"1(1,2) =0, (5.25) 

"1(2,1) = 0, (5.26) 

"2,i7i,2 + "2(1,1) = 0. (5.27) 

Here we omit the repeated equations. 
Also 

w.,4 (a:i,w+^4 (2:2,2:3)) = w+,4 (xi, 0:2) , w.,4 (xi^Xs)) (5.28) 
must fulfills in fg*'' . As above we conclude from this equation 

"1,271,22:1 (2:22:3) + "1,271,22:1 (2:32:2) + "2,l7l,2 (2:22:3) 2:1 + "2,l7l,2 (2:32:2) 2:1 = 

(r.A (2:1,2:2 + 2:3) - r.,4 (2:1,0:2) - r.,4 (2:1,0:3)) = 0. (5.29) 



20 



After this, we have by comparisons of the coefficients of suitable monomials 



"(1,2)2 = 0, 




(5.30) 


"(2,1)2 = 0, 




(5.31) 


«2,l7l,2 + "(2,2)1 


= 0, 


(5.32) 


"l,27l,2 + "1(2,2) 


= 0, 


(5.33) 


"2(1,2) = 0, 




(5.34) 


"2(2,1) = 0. 




(5.35) 



Therefore 

r._i {xi,X2) = -"l,27l 2^1x2 - "2,l7l 2X2X\ - "2,l7l 2xlxi - "l,27l 22;ia;2- 

(5.36) 

Also by Corollary [T] from Proposition 15.21 we have wa,4 {x) = wa.s {x) + 
rA,4 {x), where wa,3 {x) = ip (A) a;+7i,2 ((v Wf " V x'^, rxA (x) = ip^ (A) x {x^) + 
^2 (A) X. By Op2) 

w\A [w+A {xi,X2)) = w+,4 (wA,4 (a;i) , wa,4 (2:2)) (5.37) 

must fulfills in F^^^ {xi,X2)- If we compare the terms of degree 3 of this equation, 
we achieve 

(7-A,4 [xi + X2) - rxA {xi) - rxA {X2)) + 
7?,2((^(A))' - LP (A)^ {Xi {X1X2) + Xl {x2Xi) + X2 {X1X2) + X2 {x2Xi) + 

+ (a;ia;2) xi + (a;ia;2) X2 + (a;2a;i) xi + (a;2a;i) ^2) = (5.38) 
{p {Xf - p (A)^ r+A (xi,X2) + 

7i,2'<' (A) {^{ip (A))^ - (A)^ {xix\ + a;^a;2 + a;2a;i + 2:22:1) . 

It is clear that in rA,4 (2:1 + X2) —'"a, 4 (2:1) — r\A (2:2) there are no terms in which 
there are only entries of 2:1 or only entries of 2:2. If we compare coefficients of 
2:ia;2 in the equation (j5.38p we achieve 

^2 (A) = 7?,2^ (A) {{P {\)f - P (A)) + 7(1,1)2 (A)' - ^ (A)) . (5.39) 

if we compare coefficients of 2:12:2 in the equation (|5.38p we achieve 

V-i (A) = 7?,2^ (A) (iv {\)f - P (A)) + 71(2,2) (A)' - ^ (A)) . (5.40) 

Other comparisons give us only repetitions of the equations (|5.39p and (|5.40p . 
So 

rxA ix) = (7I2 (A)' - ^ (A)') + 71(2,2) (A)' - P> (A)) ) x {x') + 
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{ih (A)' - ^ (A)') + 7(M)2 (A)' - ^ (A)) ) {x') X. (5.41) 

Now we will prove that if the system of words W defined by formulas (|5.7p , 
(|5.18p . (|5.4ip and (|5.36p then this system of words fulfills conditions Opl) and 
Op2). First of all we must check that if _ff G 84 then Hly G 04- We can check 
it by direct calculation. For example, if /i G i? G 63, /i, A G /c then 

(/iA) ^ h = ip (^A) h + 2 (v' (mA)^ — <^ (/^A)^ 

{ji,2 if (AiA)^ - if i^J.Xf'j + 7i(2,2) {"P (AiA)^ - (p (/iA)^ ^ h {h^) + 

{ll,2 (AiA)^ - V (AiA)^) + 7(1^1)2 [if {fJ-Xf - V ifJ-X)) ) {h'^) h. 

/X * (A * /i) = 
fi * (A) h + 7i_2 ((/^ (A)' - ^ (A)) 

(7I2 (A)' - ^ (A)') + 7i(2,2) (A)' - ^ (A)) ) {h') + 
{ih (A)' - ^ (A)') + 7(1,1)2 (A)' - ^ (A)) ) {h') h = 
0^) (y9 (A) + 7i_2'y? (m) (v^ (A)^ - (A)) 
(712^ (A)' - ^ (A)') + 71(2,2)^ (m) (A)' - ^ (A))) h (h^) + 

(7I2V' (m) (A)' - V (A)') + 7(ia)2<P (m) (A)' - V (A)) ) (/i^) h+ 
7l,2 (m)^ - ^ (m)) (<y5 (A)^ + 
7i,2 {f (A)' - (A)') h (h^) + 7i,2 (A)' - ^ (A)2) {h') h)+ 
(7I2 (m)^ - V (m)^) + 7i(2,2) if - (m)) ) V (Xf h {h^) + 
(7I2 {f (m)^ - V (a*)^) + 7(1,1)2 ("/^ (m)^ - (m))) (A)^ {h^) h = 
<p (M) + 7i,2 (/^) (A)' - ^ (A)) + (Ai)' - V (Ai)) ^ (A)') 
(7?,2(^ (m) (A)' - V {\f) + (v if^f V ifi)) {v^ (Xf V {\f) + 

71(2,2) {f 0^) (A)' - ^ (A)) + (if ifif - V (Ai)) V [Xf) )h {e) + 
(7?,2(^ (/i) ('/^ (A)' - ^ (A)2) + (ip inf - (a.)) [if {Xf ~ ^ {Xf) + 
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7(1,1)2 (m) (A)' - V (A)) + (ip ifif - ^ (/i)) f (Xf) ) (h^) h = 
if h + 7i_2 (v? (mA)^ - <^ (/^A)) 
(7I2 (mA)^ - V (mA)^) + 7i(2,2) {f i.t^>^f - (mA)^ ^ /(, + 

(7I2 {f (P^f - V (AiA)^) + 7(1,1)2 {f (mA)^ - V (M)) ) (/i^) ft.. 

Also by direct calculation we can check that for every /ii,/i2 £ H E 83, and 
every A G A: the 

X* {hi X ^2) = (A * hi) X ^2 = ft-i X (A * ^2) 

holds. Other axioms of the variety 84 fulfill in by the constructions of the 
words of the system W. 

So we can conclude that for every F — F (X) e ObO^ exists a homomor- 
phism (jp : F — > F^ such that ap \x= idx- Our goal is to prove that these 
homomorphisms are isomorphisms. For this purpose we will research the super- 
positions of these homomorphisms. We will not lead out the general formula of 
the superposition, similar to the formula (15.81) . Hear we will consider only spe- 
cial cases of superpositions. If the system of words W defined by formulas (|5.7p . 
(|5.18p . (|5.4ip and (|5.36p then its words and homomorphisms ap : F ^ F^ de- 
pend on parameters (p G Autfc and 7i,2j 7i(2,2)i 7(i,i)2; o;i,2, ct2,i G k such that 
ai,2 7^ ±a2,i- So we denote 



(Tp = (Jp 

or 



(f^ 7l,2: 7l(2,2): 7(1,1)2. "1.2, a2,i) 



ap ^ a (</?,7i,2.7i(2,2):7(i,i)2'"i,2,a2,i) • 
Sometimes we will give the indexes to these parameters. We have that 

a (irffe,7i,2,7i(2,2): 7(1,1)2: 1,0) cr(</?,0,0,0,ai,2,a2,i) {xi + X2) = 

O- (idfe,7l,2,7l(2,2), 7(1,1)2: 1,0) {xi + X2) = 

a;i + 2:2 + 7i 22:12^2 + 7i,22:2a;i + 

(7I2 + 7l(2,2)) (2:12:2) + (7I2 + 7l(2,2)) 2:1 (2:22:1) + 

71(2,2)2^1 (2:2) + 7l(2,2)2;2 (2;?) 4" 
(7I2 + 7l(2,2)) 2:2 (2:1X2) + (j1^2 + 7l(2,2)) 2:2 (2:22:1) + 
(7I2 + 7(1,1)2) (2:12:2) 2:1 -I- 2 + 7(1,1)2) (2:22:1) Xi-h 
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7(1,1)2 (xl) Xl + 7(1 j)2 (xl) X2 + 

(7I2 + 7(1,1)2) (a;ia;2) a;2 + (7I2 + 7(1,1)2) (2:22:^1) a;2- 

(«4, 7i,2) 7i(2,2)> 7(1,1)2) 1) 0) cr (ip, 0, 0, 0, ai,2, a2,i) (2:ia;2) = 

a {idk, 7i,2) 7i(2,2) ) 7(i,i)2) 1> o) ("i,2a:ia;2 + a2,ia;2a;i) = 
ai,2 * {xi X X2) -L a2,i * {x2 x xi) , 

where operations -L, x and * defined by the system of words which depend on 
parameters idk, 7i,2: 7i(2,2): 7(i,i)2) 1> 0- So 



and 



ai,2 * {xi X X2) = ai, 22^1X2 - ai, 271,22^1 (xl) - "1,271,2 (2^1) X2 

o- (idk, 7i,2: 7i(2,2); 7(1,1)2; 1> 0) cr ((^, 0, 0, 0, ai,2, ^2,1) {X1X2) = 
aiaXiX2 ~ ai, 271,22^1 {xf} - ai, 271,2 {xf} X2 + 

a2, 1X2X1 - 02,171^22^2 (Xi) - "2,171,2 (2^2) 2^1- 

o- («c«fc,7i,2.7i(2,2)> 7(1.1)2; I7O) CT(.^,0,0,0,ai,2,a2,i) (Ax) = 

O- («4,7l,2-7l(2,2)- 7(1,1)2, 1:0) (A) x) = 

¥'(A)x + 7i,2 ((¥'(A))'~¥'(A)) x^ + 

{11.2 {f (A)^ - <P (A)^) + 7i(2,2) (v' (A)^ - V (A)) ) X (x 

(7?,2 (A)' - V (A)') + 7(1,1)2 (A)' - ^ (A))) (, 
Therefore we have the decomposition 

<^ («c^fe,7i,2>7i(2,2)>7(i, 1)27 1,0) cr((p,0,0,0,ai,2, 0:2,1) = 

^ ('y'>7i,2:7i(2,2),7(i,i)2>"i,2,a2,i) • (5.42) 

We can prove as in the Subsection 15.21 that the homorphisms of the kind 
a {if, 0, 0, 0, ai,2j ct2,i) are invertible. Now we wih research the homorphisms of 

the kind a ^jdfc, 7i,27 7i(2,2) , 7(i,i)2, ^i^^- We will consider two system of words 
W'^^'> and VK*^^^ and two system of homomorphisms ^a^^ : F F^{i} I F G 0b64 

and {aP : F F;^,,, \ F e OhOlj such that 4' = a 7^% 7^2,2)' 7(1', 1)2, 1 
i = 1,2. We have that 



X^) X. 



(idk, 7i!2, 7^2,2)' 7(}!i)2, 1, 0) ^ (*c^fe, 7^% 7^2,2)' 7(i!i)2, 1, o) ( 



Xl + X2 1 
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71% 7l(2,2)' 7(1^1)2' I'O) {Xl + X2 + 'YilxiX2 + ^1^X2X1 + 

((tS) + 7^2,2)) a;i {X1X2) + (^{lii) + 7^2,2)) ^1 i^^xi) + 

7i{2,2)2;i (2:2) + 7^2,2)^2 (xl) + 

(i^^^il) +71(2,2)) a;2 (a;iX2) + (^(^7o) + 7l(2,2)) ^2 (a;2a;i) + 

(^{^hl) + ^[l]l)2^ i^i^-i) + (^{^yhl) + I'ilip^ {X2Xl) Xi + 
7(M)2 (^2) Xl + 7(l|i)2 (xf) X2 + 

((7S) +7(1^1)2) (a;ia;2)a;2+ (^(7^^) + ^^^^^^-^^ {x2Xi) X2). 
(*c«fe, 7^% 7^2,2) '7(i!i)2' 1.0) (7l^2a;ia;2) = 

11,2 (2^12=2 - -y^l^lXl (xf) - 7m (xf) X2^ ■ 

(«'^fe.7S,7^2,2)'7(J!i)2.1'0) (((7m) +7^2,2)) (xia;2)) = 

((7^) + 7ll2,2)) ^1 (^^1^2) . 

So 

(i4,7M'7H2,2)'7(l!i)2.1'0) C7 (^4, 71% 7^2,2)' 7(M)2.1'0) (xi + ^2) = 
(a;i +X2+ ^^1^x1X2 + 7^1^x2X1 + 
((7S) + 7^2,2)) (^12^2) + ((7S) + 7^2,2)) 2;i (a;2a;i) + 

7^2,2)^1 i^l) +7^2,2)2=2 (xl) + 

((7^) + 7^2,2)) 2^2 {X1X2) + ((7^) + 7^2,2)) ^2 (X2a;i) + 
((7^) +7(0)2) (a;ia;2)a;i + ((7^^^) + {x2Xi) xi + 

7(?^i)2 (a^i) a;i + 7(M)2 (a^i) 2^2 + 
((7^) +7(14)2) (a;ia;2)a;2+ ((7^) + 7(^)2) (2^2X1) X2) ± 

(71^2 (a;ia;2 - 7m2;i (a;2) - 7^ (a^l) X2'j + 1i} (x2Xi - ^'^^1x2 (xf) - 7^^^ (xf) Xl)) + 
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7l(2,2)'^1^2 + 7i(2, 2)^22:1 + 

{^{^'i^l) +7^2,2)) 2:2 (xia;2)+ (^(70) + 7i}2,2)) ^2 (x2a;i) + 
((71^2) +7(i!i)2) {xiX2)xi + (^{11,2) +7(^)2) (a;2a;i)a;i+ 

7(l|l)2'''2^1 +7(111)2-^1^2 + 
((7S) + 7(^4)2) (^1X2) X2 + (^{lli) + 7(^4)2) i^2Xl) X2 = 

a;i + X2 + 7i^2^ia:;2 + 7^^2^2a;i+ 
((75) + 7l(2,2)) {X1X2) + (^(71^2) + 7^(2,2)) 2;i (a;2Xi) + 

7^2,2)2^1 (^^i) +7^2,2)^2 (a;?) + 
(^{^1,1) + 7^2,2)) ^2 {X1X2) + (^{lii) + 7^2,2)) ^2 (a;2a;i) + 
((71^2) +7(i!i)2) (a^ia^2)a;i + (^(7^^^) + 7(i!i)2) (a;2a;i) xi + 

7(M)2 (^2) Xl + 7SiJi)2 (xl) X2 + 

((7^!^)' +7gi)2) 0'^-l-^^-2).'^^'2 + ((7S)' +7[i;i)2) ix2X^)X2 + 

7i|kia;2 - 7i^27i^ki (xl) - 7i^27i^2 {xf) X2+ 
7i|k2a;i - 7i^27i!k2 (xl) - 7i^27i^2 (2:2) 2:1 + 

7l^27l|2 i^i + {X1X2 + X2X1) + 7l^27l^2 i^-L^^ + X2X1) {xi + X2) + 

((71^2) + 7^2,2)) 2;i {X1X2) + + 7^2,2)) ^1 (^2a;i) + 

7i}2,2)a;ia;i + 7i}2,2)^2a;f + 
((7^) + 7^2,2)) ^2 {X1X2) + (^{lii) + 7l}2,2)) ^2 (a;2a;i) + 
(^{^hl) +7(i^i)2^ (a^ia;2)a;i + (^(7^^^) + {x2Xi) xi + 

7\[]^2^lxi + 'y\i]^2^lx2+ 
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X1+X2+ {l^^l + 71^2) X1X2 + (71^2 + + 
{{^ll + 7^2) + 7^2,2) - 71^271^2 + 7^2,2)) ^1 (^1^2) + 

( (7g + 7g) ' + 1%,) - if HI + 7S^,2)) ^1 (^2.1 ) + 
(7^2,2) - 7?27S + 7^2,2)) ^1 (2^2) + (7^2,2) - 7^7^ + 7ij2,2)) ^2 {xl) + 
( (7!^^ + 7^) ' + 7^,2) - ifhtl + 7^.2)) -2 (.1.2) + 
((7g + + 7^^,2) - I'Mi + 7i;^,2)) -2 (.2.1) + 

((7g + 7^) ' + 7S?,)2 - 7g7g + 7£,)2) (-1-2) x,+ 
((7^ + 7g) ' + 7SS,)2 - 7^7^ + 7[;:,)2) (-2.0 .1 + 
(7!?,)2 - 7^7^ + 7ji)2) (4) -1 + (7[?,)2 - 7^7^ + 7[i)2) -2+ 

I (^7l,2 + 7l,2 ) + 7(1,1)2 ~ 7l,27l,2 + 7(1,1)2 ) Ul-^2j ^2 + 

((7g + 7g)' + 7^1)2 - 7^7^ + 7S!i)2) (-2x1) X2. 

(idk, 71% 7^2,2) ' 7(i?i)2' 1' 0) (^^z^' 7^2 > 7^2,2) ' 7(i!i)2' 1' 0) (-1-2) = 
o- (^4,7i%7l(2,2)'7(?]i)2'l'0) {X1X2) = X1X2 (modf^) , 
where F = F^^') {xi,X2)- Therefore 

a ^^«afc5 7i,2>7i(2,2)' 7(1,1)2' '■'^J " l^*'^fe'7i,25 7i(2,2)'7(i,i)2' '-'^J — 

a- fjf]^ ^(1) + ^(2) ^(1) _ ^(1)^(2) , ^(2) ^(1) _ ^(1)^(2) , ^(2) . r{\ 

a ^za/j,7i^2 + 7i,2> 7i(2,2) 7i,27i,2 + 7i(2,2)' 7(i,i)2 7i,27i,2 + 7(i,i)2' ^^^j- 
From this formula we can conclude that 

(«4,7l,2>7l(2,2)>7(l,l)2>l>0) = 

<7 7i,2> 0, 0, 1, 0) CT iidk, 0, 7i(2,2)> 0, 1, j a iidk, 0, 0, 7(i,i)2> 1. o) , 
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cr (^idk, 0, 0, 7(1,1)2; 1> o) = {idk,0, 0, -7(i,i)2> 1^ o) > 
fj (idfc,0,7i(2,2);0: l>o) = (T (^idfe,0, -7i(2,2);0; l>o) , 

(irffe, 7i,2> 0, 0, 1, 0) ^ = cr (idfc, -7i^2> -7i,2: -7i,2> 1. 0) • 

These formulas and (|5.42p allow to conclude that the all systems of words W 
defined by formulas jSJl), (jSlS]) . ([OT|) and (|06l) fulfill conditions Opi) and 
Op2). So we calculated the group ©4. 

Now we will calculate the group 2)4064. We will consider the strongly stable 
automorphism $ defined by the system of words W which fulfills conditions 
Opl) and Op2). We will find when this automorphism is inner. We can prove 
as in the Subsection 15.21 that if $ is inner then a2.i = 0, tp = idk- Now we will 
prove that this conditions are sufficient. For this purpose for every F G ObB^ 
we define the mapping cp : F ^ F hy this formula: 

CF if) = «r,2/+«r,27i,2/'+"r,2 {ih + 71(2,2)) / (/')+«r,2 (7I2 + 7(1,1)2) (/') /, 

where f ^ F. We can prove by direct calculation that cp : F ^ F^ is an 
isomorphism. For example, we can check that cp (/1/2) — cp (/i) x cp (/2), 
where /i , /2 G F. We have by nilpotence that 

CF (/1/2) = a^yifi- 

CF ifi) X Cp (/2) = 

(a^^/i + ar,27i,2/i + «r,2 {ih + 7i(2,2)) h (/i ) + "^2 (7?,2 + 7(1,1)2) (/f ) h) x 
(o^ilh + ar,27i,2/2 + ar,2 {"/I2 + 7i(2,2)) /a (/I) + ar,2 + 7(1,1)2) (/I) h) = 

"1,2 (ai;2/i + "r,27i,2/i) ("^2/2 + "r,27i,2/2) - 
"r,27i,2/i /2 - ar.271,2/1/2 = 

ar,2/l/2 + ar,27l,2/l/2 + "r,27l,2/l /2- 
"r,27l,2/l./2 - "r,27l,2/l /2 = 

ar,2/i/2- 

Also by direct calculations we can prove that cp (/i + /2) = cp (/i) _L cp (/2), 
where /i, /2 6 F, and cp (A/) = A * /, where f & F, X E k. We can prove as 
in the Subsection 15.21 that cp is an isomorphism. It is clear that cpip = ipco 
fulfills for every F,De OhQ" and every {ip : D F) E MorB^. Therefore, as 
in the [9] we can prove that 

21/2} ^ {U (fcSa) /U [k {e})) XAutfc=fc*XAutfc. 
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6 Summary. 



The results of this paper and of the [9] can be summarized in this table: 





Variety of the all 


21/2) 


1 


linear algebras 


fc*XAutfc 


2 


commutative algebras 


Autfc 


3 


power associative algebras 


fc*XAutfc 


4 


alternative algebras 


S2 X Aut/c 


5 


Jordan algebras 


Autfc 


6 


arbitrary subvariety of anticommutative 
algebras defined by identities with coefficients from Z 


Autfc 


7 


nilpotent algebras with degree 
of nilpotence no more than 3 


fc*X Autfc 


8 


nilpotent algebras with degree 
of nilpotence no more than 4 


fc*X Autfc 



7 Acknowledgements. 

I am thankful to Prof. I. P. Shestakov who was very heedful to my research. 

I acknowledge the support by FAPESP - Fundagao de Amparo a Pesquisa do 
Estado de Sao Paulo (Foundation for Support Research of the State Sao Paulo) , 
project No. 2010/50948-2. 



References 

[1] J. Lewin, On Schreier varieties of linear algebras. Trans. Amer. Math. Soc. 
132 (1968), pp. 553-562. 

[2] B. Plotkin, Varieties of algebras and algebraic varieties. Categories of 
algebraic varieties. Siberian Advanced Mathematics, Allerton Press, 7:2, 

(1997) , pp. 64 - 97. 

[3] B. Plotkin, Some notions of algebraic geometry in universal algebra. Algebra 
and Analysis, 9:4 (1997), pp. 224 - 248, St. Petersburg Math. J., 9:4, 

(1998) , pp. 859 - 879. 

[4] B. Plotkin, Algebras with the same (algebraic) geometry. Proceedings of the 
International Conference on Mathematical Logic, Algebra and Set Theory, 
dedicated to 100 anniversary of P.S. Novikov, Proceedings of the Steklov 
Institute of Mathematics, MIAN, 242, (2003), pp. 17 - 207. 

[5] B. Plotkin, G. Zhitomirski, On automorphisms of categories of free algebras 
of some varieties. Journal of Algebra, 306:2, (2006), pp. 344 - 367. 

[6] A. I. Shirshov, Subalgebras of the free commutative and free anticommu- 
tative algebras. Matematicheskij Sbornik, 34(76):1, (1954), pp. 81-88. (In 
Russian.) 



29 



[7] A. Tsurkov, Automorphic equivalence of algebras. International Journal of 
Algebra and Computation. 17:5/6, (2007), pp. 1263-1271. 

[8] A. Tsurkov, Automorphisms of the category of the free nilpotent groups of 
the fixed class of nilpotency. International Journal of Algebra and Compu- 
tation. 17:5/6, (2007), pp. 1273-1281. 

[9] A. Tsurkov, Automorphic equivalence of linear algebras, 
I http://arxiv.Org/abs/l 106.4853, Submitted to the Journal of Algebra 
and Its Applications. 

[10] K. A. Zhevlakov, A. M. Slin'ko, I. P. Shestakov, A. I. Shirshov, Almost 
associative rings. Moscow, "Nauka", 1978. (In Russian.) 



30 



